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Abstract
The optimal energy output of a heat engine based on the Carnot process is studied. The internal irreversibility of the
engine is considered by taking into account the entropy generation in the adiabatic processes. The engine is connected to
high and low temperature thermal energy reservoirs with infinite heat capacity. The process temperatures and the energy
conductivity of heat exchangers that maximizes the energy output have been obtained. The effect of the internal
irreversibility on the optimal performance of the engine is shown. Two numerical examples are given.
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1. Introduction
There is a huge need for designing a heat engine that runs at a
finite speed in order to produce power. In reality, the reversible
performance limits of a heat engine to produce power is not
reached and these reversible performance limits are set to be
the upper performance limits of a real heat engine. The
research work for searching the performance limits of a heat
engine was presented by Curzon and Ahlborn [1] by
introducing finite-time thermodynamics. Their heat engine
considered the external irreversibilities due to the finite
temperature difference between the heat engine and its
surrounding but did not consider the internal irreversibilities
within the heat engine; such heat engine is called an
endoreversible heat engine. Finite-time thermodynamics has
been applied as an effective tool to optimize the performance
of an irreversible magneto hydrodynamic power plant using
magneto hydrodynamic generator (MHD) running at constant
velocity and constant Mach number [2-7].
The general performance characteristics of an irreversible
refrigerator using nonlinear heat transfer law has been
investigated [8] by considering the internal irreversibility as
well as the external irreversibility. Finite-time thermodynamics
has been used to analyze the performance of an irreversible
heat engine with temperature dependent heat capacities of a
working fluid [9], to obtain optimal expansion of a working
fluid with convective radiative heat transfer [10] and to
investigate the effects of variable specific heat ratio of the

working fluid on the performance of an irreversible Diesel
cycle [11]. Recently, finite-time thermodynamics has been
applied as an effective and efficient tool to optimize the
performance of heat engines, heat pumps and refrigerators [1223]. In general, entropy generation analysis is an important and
effective tool to design a heat engine like combined dieselengine gas-turbine system [24] and a heat pump like
absorption cycles [25].
The main objective of this work is to optimize the performance
of an irreversible heat engine (real heat engine) and to study
the effect of the internal irreversibility on engine performance.

2. Cycle Model
The heat engine is working between an infinite heat source at
temperature TH and an infinite heat sink at temperature TC .
The T-S diagram of an irreversible heat engine is shown in
Figure 1. Heat is added to the engine from the heat source and
rejected from the engine to the heat sink. There are four
processes in the engine cycle, each changing the state of the
working fluid. The heat engine is operating with two
isothermal and two adiabatic processes. The four processes are
summarized as:
State 1-state 2: Adiabatic compression, temperature change
from T14 to T23 and entropy change from S1 to S2 marked as

ΔS12 .
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State 2-state 3: Isothermal expansion, heat addition of QH at
constant temperature T23 and entropy change from S2 to S3
marked as ΔS 23 .
State 3-state 4: Adiabatic expansion, temperature change from
T23 to T14 and entropy change from S3 to S4 marked as
ΔS34 .

State 4-state 1: Isothermal compression, heat rejection of QC
at constant temperature T14 and entropy change from S4 to S1
marked as ΔS14 .

ς=

GH
G
= H
GH + GC
Gt

(5)

where Gt = GH + GC is the total energy transfer of the heat
exchangers.
The work output of the heat engine can be expressed as

⎛ T ΔS ⎞
⎛ τ ⎞
W = QH − QC = QH ⎜⎜1 − 14 14 ⎟⎟ = QH ⎜1 − ⎟
⎝ σ⎠
⎝ T23ΔS 23 ⎠

(6)

Using equations (1-5), equation (6) can be written in the
following form
Ω(ς ,τ ) =

τ −τo
W
ς
= ⋅
Gt TH τ ⎛
1 ς
⎜⎜1 + ⋅
⎝ σ 1−ς

⎛ τ ⎞
⎜1 − ⎟
⎞⎝ σ ⎠
⎟⎟
⎠

(7)

where Ω is the dimensionless work output of the heat engine
which is a function of two variables, ς and τ , and two
T
constants, σ and τ o = C .
TH

3. Optimum work output
The work output of the heat engine, Ω , is maximized with
respect to ς and τ by solving the following equations
simultaneously

Fig. 1.T-S diagram of an internally irreversible heat engine

The heat addition and heat rejection of the heat engine can be
written as, respectively
QH = GH (TH − T23 ) = ΔS23T23

(1)

QC = GC (T14 − TC ) = ΔS14T14

(2)

where GH and GC are the energy transfer ability (the overall
energy transfer coefficient × transfer area) of the corresponding
heat exchanger.
An internal irreversibility parameter, σ , and a variable, τ , are
defined to describe the processes of the heat engine. The
parameter σ ( 0 ≤ σ ≤ 1 ) will take into account the internal
irreversibility of the adiabatic processes and the variable τ
( 0 < τ < 1 ) is the ratio of the minimum and maximum
temperatures of the real cycle (note that the minimum and
maximum temperatures of the reversible cycle are TH and
TC ). The internal irreversibility parameter and the temperature
ratio can be written as

σ=

τ=

entropy change, isothermal expansion
ΔS
= 23
entropy change, isothermal compression ΔS14

(3)

minimum temperature, cycle T14
=
maximum temperature, cycle T23

(4)

⎛ ∂Ω ⎞
⎜⎜
⎟⎟ = 0
⎝ ∂ς ⎠τ

(8)

⎛ ∂Ω ⎞
⎜
⎟ =0
⎝ ∂τ ⎠ς

(9)

Solving the derivatives given in equations (8) and (9) and
taking into account the constrains of the parameters ς , τ and
σ [( 0 < ς < 1 ), ( 0 < τ < 1 ) and ( 0 < σ ≤ 1 )] give the following
optimum parameters

ς opt =

σ
1+ σ

τ opt = σ

TC
TH

(10)

(11)

The efficiency of the heat engine at optimal energy output is
obtained as

η opt = 1 −

TC
σ TH

(12)

Using equations (6), (10) and (11), the optimal dimensionless
energy output is obtained as

The variable ς ( 0 < ς < 1 ) which takes into account the heat
energy transfer ability of the heat source exchanger, is defined as
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Ωopt

⎛
⎜ 1 − 1 TC
⎜
σ TH
=σ⎜
1
+
σ
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

2

(13)

The optimal process temperatures of the heat addition and heat
rejection are expressed as, respectively

T14, opt =

TC + TCTH
1
1+

(14)

σ

T23, opt =

TH + TCTH

(15)

1+ σ

For an internally reversible heat engine (isentropic compression
and expansion processes), for which the internal irreversibility
parameter is equal to 1, equations (10-15) can be written as,
respectively

ς opt, s = 0.5

τ opt, s =

Fig. 2. Optimal dimensionless work output

(16)

TC
TH

(17)

ηopt, s = 1 − τ opt, s

(

Ω opt, s = 0.25 η opt, s

(18)

)2

(19)

T14 s, opt = 0.5 TC + TC T H

(

)

(20)

(

)

(21)

T23 s, opt = 0.5 TH + TC T H

Fig. 3.

4. Results

The optimum dimensionless work output obtained in equation
(13) is function of the irreversibility parameter ( σ ) and the
T
T
temperature ratio C . The effect of the temperature ratio H
TH
TC
on the work output is demonstrated in Figure 2 for different
values of internal irreversibility parameter. Figure 2 shows that
T
the work output increases as the temperature ratio H increases
TC
for all values of the internal irreversibility parameter. The figure
also shows that the heat engine produces maximum work output
for reversible engine, i.e. for σ = 1 and as σ decreases the work
output decreases. Using equations (14) and (15), the effect of
T
temperature ratio H on the optimum temperatures T23 and T14
TC
can be investigated as shown in Figure 3 for different values of
the internal irreversibility parameter.

Optimal dimensionless process temperatures

4.1. Example 1

The idea with this example is to show how the optimal work
output, optimal process temperatures and other optimal variables
depend on the internal irreversibility in the adiabatic processes.
The calculation is done for TH = 1200 K, TC = 300 K, Gt = 1
MJ/K and σ = 0.6, 0.8 and 1. The results are shown in Table 1.
Table 1 shows that the optimal energy output is decreasing more
rapidly than the optimal efficiency with increasing irreversibility
in the adiabatic processes. As the internal irreversibility
parameter
approaches
zero
then
and
T14,opt → TC
T23,opt → TH , therefore QH , opt (σ < 1) < QH , opt (σ = 1)

and

QC , opt (σ < 1) < QC ,opt (σ = 1) . The real reason for that is η opt

decreases with decreasing ς opt and Ω opt is proportional
2
to ς opt . The total energy transfer of the heat exchangers should

be divided so that GH = GC for σ = 1 , and the amount of GC
should increase with decreasing σ .
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4.2. Example 2

Steam power plant operating on a modified Rankine cycle. The
steam enters the turbine at 400 °C and 2 MPa and is condensed in
the condenser at a pressure of 50 kPa. The isentropic efficiency of
the turbine and the feed pump are 80 respective 70 %.
The thermodynamic average temperature during the heating and
the cooling processes are (using Tds = dh − vdp , and assuming
constant pressure)
Tproc =

hexit − hinlet Δhproc
=
sexit − sinlet Δsproc

For the heating process the thermodynamic average temperature
is calculated according to the thermodynamic state values given in
Figure 4, as
Δh
3247.6 − 343.3
T23 = 23 =
= 481.3 K
Δs23
7.127 − 1.093
and for the cooling process the thermodynamic average
temperature as,

T14 =

Δh14 2633.4 − 340.5
=
= 354.4 K
Δs14
7.561 − 1.091

The internal irreversibility parameter is calculated from equation
(3) as

From the last two equations, the temperatures

TH and TC

can

be solved as TH = 537.2 K and TC = 311.9 K.
The efficiency of the modified Rankine cycle at the maximum
work output is obtained from equation (12) as

ηopt = 1 −

1 TC

σ TH

= 0.211

For the modified Rankine cycle in Figure 4, the thermal
efficiency is

η=

wT − wP (h3 − h4 ) − (h2 − h1 )
=
= 0.211
qB
h3 − h2

which is exactly the same as the efficiency at optimal work
output.

5. Conclusion
Fig. 4. Rankine cycle (example 2)

The model presented in this paper is supported by the following
two numerical examples.

σ=

Δs23 7.127 − 1.093
=
= 0.933
Δs14 7.561 − 1.091

The optimal temperatures of the heat source and the heat sink
can now be calculated, using equation (14) and equation (15).
Dividing equation (14) by equation (15), we obtain
TC
1 T14
=
= 0.762
TH σ T23

In this work the performance characteristic of an irreversible heat
engine with internal and external irreversibilities was investigated.
The internal irreversibility is described by a single parameter and
the effect of this parameter on the engine performance was
obtained. An expression for the optimum work of the heat engine
is derived.
The results show that the internal irreversibility parameter has a
crucial effect on the heat engine performance. The mathematical
model is supported by Rankine cycle example in order to
calculate the internal irreversibility parameter and the real thermal
cycle efficiency which is well below Carnot efficiency. Hence,
calculations of the same type as Curzon and Ahlborn [1] did, but
done as energy equilibrium calculations, is an effective tool to
find the performance limits of real heat engine.

Adding equation (14) to equation (15), we get

TH + TC =

(1 + σ )⎛⎜⎜ Tσ + T
14

⎝

⎞

23 ⎟⎟

⎠

= 40.84
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Table 1. Results of example 1

σ

ς opt

τ opt

η opt

Ω opt

G H ,opt [MJ/K]

GC ,opt [MJ/K]

T14,opt [K]

T23,opt [K]

1.0

0.500

0.500

0.500

0.0625

0.500

0.500

450

900

0.8

0.472

0.447

0.441

0.0433

0.472

0.528

425

950

0.6

0.436

0.387

0.355

0.0239

0.436

0.564

393

1014
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